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Abstract. The ferromagnetism of the inhomogeneous crystalline structure arising below
the temperature of the martensitic phase transition is considered using a phenomenological
expression for the Helmholtz free energy of a cubic crystal. The magnetic anisotropy of the
martensitic structure is related to the order parameter of the ferroelastic phase transition. The
expressions for the static magnetic susceptibility and for the magnetization of the martensite are
derived. The theoretical results are compared with the experimental data knowrpkonGk

alloy. The magnetoelastic constant and the constant of strain-induced magnetic anisotropy of
this alloy are estimated from the experimental magnetic field dependence of the magnetization.

1. Introduction

A martensitic phase transition is associated with the spontaneous deformation of the crystal
lattice below the transition temperatufg,. The high-temperature cubic phase (austenite)

is spatially homogeneous, while the state arising@ at T), (martensite) is inhomogeneous.

The spatial structure of martensite is governed by the condition of self-accommodation of
the spontaneous strains. Some materials undergoing martensitic transitions are ferromagnets
with Curie temperature§: > Ty, and, therefore, the ferromagnetic martensites appear
below T,,. Ferromagnetic martensites have been observed among Fe- and Ni-based shape
memory and superelastic alloys [1-8].

Martensitic transitions are accompanied by pronounced anomalies of the magnetic
properties of the ferromagnets. In particular, sharp changes of the spontaneous
magnetization, magnetic susceptibility [1-3, 5, 6], and magnetostriction [7, 8] were observed
in the vicinity of the phase transition temperatiig. These effects are of interest in view of
the possible applications, e.g. in devices utilizing the large strains induced by the magnetic
field [7].

In the present paper we intend to develop a phenomenological model of a ferromagnetic
martensite and to apply this model to the stoichiometric and nonstoichiomefidniSia
Heusler alloys withTy, = 202 K, Tc = 376 K [1] andT,, = 285 K, Tc = 3755 K [5],
respectively.

The intermediate phase (the precursor) is observed jiMNBa alloy atTy, < T <
T1 = 260 K [9-12]. The periodic displacements of the atoms from the initial positions

|| Author to whom any correspondence should be addressed.

0953-8984/98/214587+10$19.5@C) 1998 I0OP Publishing Ltd 4587



4588 V A L'vov et al

in the cubic crystal lattice arise & = T, but the average strains stay equal to zero in
the intermediate phase [11]. The transition to the intermediate phase is accompanied by a
softening of the phonon spectra [9—-11] and elastic moduli [13]. By contrast, the anomalies
of the spontaneous magnetization and magnetic susceptibility were not observed in the
vicinity of the intermediate phase transition [1, 3]. This means that the magnetization of
the alloy is not sensitive to the appearance of precursor phenomena [11] but is strongly
influenced by the spontaneous strains arising at T), [3].

The proposed theoretical model relates the magnetic anomalies accompanying cubic—
tetragonal martensitic transitions to the spatially inhomogeneous strains arising dt, .
The model is based on Landau expansions used by many authors for the description of both
elastic [14] and magnetic [4] subsystems of martensitic alloys (see also the review paper
[15]). After obvious generalization, this model may be applied to the description of twinned
magnetically ordered crystals.

2. The Helmholtz free energy of ferromagnetic martensite

The Helmholtz free energy of a cubic ferromagnet may be written down as the sum
F=F,+ Fy + Fye. (1)
The first term of the sum describes the strain energy and may be expressed as [16]

3 1 1
F, = E(Cﬂ + 2C1o)u? + 6C’(u§ +u3) + §C44(M421 +ud + ud)

1 1
+ éaug(ug — 3u3) + Zb(ué + M%)z @)

where Cy1, C12, C44, and C' = (C1; — C12)/2 are the second-order elastic moduli of
the crystal,a and b are the linear combinations of third- and fourth-order elastic moduli
respectively, and:q, uy, . .., ue are linear combinations of strain tensor components:

up = (xx + Eyy + £.2)/3
Uz = ‘/é(gxx - gyy)

uz = 2¢,; — Eyy — Exx

3)
Ug = €y,
Us = Eyxz
Ug = Exy-

The third-order and fourth-order terms dependingu@nus, andug are immaterial as
regards the further analysis, and, therefore, are omitted in (2).

The second term in (1) may be chosen in the simplest form:
F,=F4,—M-H
Fy = K(mfmf + mgmf + mfmf)

(4)

wherem = M /|M|, M is the magnetization of the crystalf is the external magnetic
field, andK is the magnetic anisotropy constant.
The last term in (1) describes the interrelation between the magnetization and the strains:

Fpe = =61 [(Zm? — m? — mf)ug + x/f—%(mf — mi)uz]
- 82(mzmyu4 + m;myus + mymxuﬁ) (5)

wheres; andd, are the magnetoelastic constants.
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The isotropic parts of the energids, and F,,. are immaterial, and therefore are
disregarded in (4) and (5).

The coefficients of the Landau expansion for the free energy eNiFalloy were
evaluated ‘from first principles’ in [4], but the terms (5) describing the linear coupling
of mf andug (B =2,3,...,6) were disregarded.

In the absence of mechanical stresses, the conditiéngug = 0 are fulfilled, and the
strains of the austenite are caused only by the magnetization of the crystal:

uy® = (3«/§81/C’)(mf — m)z,)
g’ = (381/C")(2m? — m% — m?)
Uy’ = (82/ Cag)mym, (6)

ug® = (82/Cag)mym;
Mgw = (52/C44)mxmy.

Below the temperature of the martensitic phase transition
Ug = M?e + M?{I (7)

where theu are caused by the strains attributed to the equilibrium values of the order
parameter of the transition.

(3%

d] dZ
o= dz/( d] + dz) =1/3

Figure 1. A schematic representation of the magnetic domain ABCD occupying the martensite
variant formed by the crystallographic domains 1 and 2.

The cubic—tetragonal phase transition with the two-component order paramgtes)
is a frequently encountered kind of martensitic transition [17]. Let us consider the martensite
variant, which is the periodic structure formed by alternating domains of the tetragonal phase
(figure 1). Letz andy be parallel to the fourfold symmetry axes of neighbouring domains.
The averaged strairg; peculiar to such martensitic structure have been analysed by many
authors (see, for example, [18, 19]). Here it is convenient to use the formulae derived
in [20], because these formulae express the strains in terms of the order parameter in the
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explicit form
Boy = %(&x — Dug — %a(l — a)uj
By = %(2 — 3a)up — %a(l — a)ul
&, = —%uo ®

1
Eyy = Zot(l — a)ug
Ex; =8y, =0

wherea and 1— « are the volume fractions of domains, amglis related to the equilibrium
value (u9, u3) of the order parameter:

uo = £2u9/v/3 = —2u3 = —(a/2b)[1 + (1 — 4bC'/3a)"/?).

(The plus/minus sign corresponds to thelomaing-domain.) The expression for was
obtained on the assumption thef* <« u?{’ aug’/C" < 1, and Duy/a < 1. As far
as we are aware, these conditions are fulfilled for all of the alloys (e.g. fg¥iNbBa,
¢ ~ 107%-107° [7], u}’ ~ 5x 1072 [21]). The ratios of the elastic moduli may be
estimated ag/C’ ~ 1011, b/a ~ 1 [22].

It is of importance that the averaged strain tensor (8) describing the martensite variant
has monoclinic symmetry, while the symmetry @, 43) is tetragonal (for more details
see [19, 20)).

The value ofx is prescribed by the type of periodic structure. For definiteness, consider
the valuese = 1/3 anda = 2/3 which are inherent to the frequently encountered R9
structure. The strains (8) must now be substituted into (3) and (7). As long as the inequality
up < 1 holds for the martensitic phase transitions, the averaged strains accompanying
the appearance of the R9 structure with= 1/3 may be approximated by the formula
ull = \/§u2 ~ —up/2. In this approximation the averaged strain tensor has orthorhombic
symmetry §,, ~ 0). Substitution o/’ andu} into (4) and (5) results in the expressions

Fy + Fpe = Fa+ FO?
Far = I%(mfmf + m?m? + mﬁmf) ©)
FO = 81uo(mf - mi) —m - HM,
where
K =K + (1852/C") — (82/2C44) Mo = |M]|.

(The obvious conditionn? = 1 was taken into account and the constant summank, in
was omitted.)
The energy

F(XZ) = 811/[0(}71? — mf) —m - HMO (10)

corresponds to the value= 2/3.
It is evident now that the energy of each variant of the R9 structure may be expressed
in the form
F=F,+FW

- 11
F(t/):_A(ml?_mf)—m.HMo o
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where the constand = §1uo describes the magnetic anisotropy induced by the averaged
strains,i, j = x,y,z,i # j.

For definiteness, we také > 0, and, therefore, subscriptmarks the ‘easy axis’ for
magnetization ang corresponds to the ‘hard axis’.

The magnetic anisotropy of each martensitic structure, whose symmetry is close to
orthorhombic, may be described by the expression

The concrete type of the structure indicates the dependehcg8, 82, uo).

3. Magnetization and magnetic susceptibility of martensite

It is common knowledge that the process of magnetization of a ferromagnetic specimen
is accompanied by the shifting of the magnetic domain walls, and by the rotation of the
vector m. As was pointed out in [23], the motion of magnetic domain walls may be
hindered by the inhomogeneous structure of martensite, and the rotatiannoéy be the
dominant mechanism of magnetization of the specimen. In the case under consideration,
this viewpoint can be substantiated in the following way.

Let the variant of martensite with the easy axidorder on the variant with the easy
axisy. In zero magnetic field the magnetic moment of the first variant is directed along
and the moment of the second one is paralleytoUnder such conditions, these variants
are equivalent magnetic domains. In a strong magnetic field applied aldmgth magnetic
moments are aligned alorg Now the energy of the first variant differs from the energy of
the second one by F = 2A, and, therefore, the variants represent two different magnetic
phases. The first one is stable for<0 H, < oo, while the second one is stabilized for
H, > Hi, whereH; is the field of the spin-orientational phase transition. Such transitions
are usually treated as a rotation of the veatorfrom the y- to the x-direction.

If one martensite variant is occupied by two ferromagnetic domains with antiparallel
moments, the wall separating these domains can move easily, and one of the domains will
disappear at some magnetic field valdeof the order of the coercive force of the specimen.

It may be expected, hence, that within the inter¥hl < H < H; every variant will be
occupied by the only magnetic domain, and the magnetic moment of the domain will rotate
under the action of the magnetic field. Experimental data obtained in [8] and [7] allow us to
conclude that for NMnGa alloy the fieldH; is at least 20 times greater than the coercive
force (see section 4).

For the sake of simplicity, assume thiit < A. (This assumption will be justified in
section 4 for the NiIMnGa crystal, which typifies ferromagnetic martensites.) In such a
case, the energy, may be disregarded and the anglebetween the stationary magnetic
field and vector then of the variant may be found from the condition

9F N
oy
If the hard axis of the variant is parallel to the applied field, the energy (11) can be
expressed as

F = A(cog ¢ — sirf ¢) — H Mg cosys (14)
and the condition (13) yields

=0. (13)

COSsy = COS(A = 15
! 1 for H > H]_
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where H, = 4A/ M.
When both the easy and hard axes of the variant are perpendicular to the magnetic field,

Fi) = —Asir®y — HMgcosy (16)
cosy = cosy H/H2 for H < H, (17)
N 711 for H > H»
where H, = 2A/ M.
Finally, if the easy axis is directed along the field direction,
B 0, for H < H. (18)
V=va= 0 for H > H,.

Generally speaking, in a field parallel to the [100] direction of a cubic crystal, all of the
possibilities mentioned above are equally likely. At> H,. the averaged magnetization
of a martensitic phase may be approximated by the formula

1
(M) = ZMo(T)(1+ Cosyn + Cosyo)n (19)

wheren is the unit vector in the direction of the field.
The magnetic susceptibility) of a martensite may be obtained in a routine way from
(11). At K « A the resultant formula is

(x) = % [X D) X(,vz) 4 X(zX) 4 X(xz) + X(yX) + X(xy)] (20)

where they /) are the susceptibilities of the variants with the enerdi#s'. When the
stationary magnetic field is directed alomg

x2 0 xs , x2 x8 O
x@=10 xx O x99 =xs x6 O

xs 0 X 0 0 n1
x1 0 xz 0 0 O
X = ( 0 x 0) X0 = <0 Xa 0) (21)
x1 0 xs 0 0 xs
X1 X7 0 0 0 0
X = (X? Xs 0) X = <0 X3 0)
0 0 x 0 0 xa

where

1= x2/2 = M§/(4A)
x3 = x1Mo/(Mo + x1H)
Xa = x2Mo/(Mo + x2H)
X5 = x1cotarfy,

X6 = X2 cotantys,

X7 = —xacotany;

X8 = — X2 Cotamyr,.

The expressions foy @ and x ©* are valid whileH < H;, and the formulae foy
and x @2 are valid whenH < Ho.
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At H > Hi,
X&) = x 0% = yaMo/ (x1H — Mo)
X5 = x99 = xoMo/ (x2H — Mo).
At H > Ho,
3 = 307 = xaMo/ (x2H — Mo)
18P = X = 1Mo/ (x1H + Mo/2).

All of the other components of these tensors are equal to zero in the high-field range.

It is worth recalling that the expressions (19)—(21) were obtained for the R9 structure
assuming thatt > 0 andH > H,., where H, is of the order of the coercive force of the
martensite. These expressions are directly applicable only to a single crystal in a magnetic
field parallel to the [100] direction. Nevertheless, it will be shown later that the formula (19)
agrees semi-quantitatively with the experimental data obtained for both single crystals and
polycrystals of NiMnGa ferromagnet. On making the change—~ —A, the expressions
(14)—(21) became valid foA = 8;u0 < O.

The other martensitic structures may easily be considered with the help of the energies
(12) and strains (8). The consideration results in the dependencies (15), (17), and (19) with
Hy = 2|A1 — Ap|/Mo, and H, = 2|A|/ Mo, Where A = min{A1, As)}.

In the case of R7 structure witlh = 2/7 or 5/7, Ay = 681uo/7 and Ay = —981up/7.

For the five-layer structure witk = 1/5 or 4/5, the values of the anisotropy constants are
A= 361”0/5 andA, = —951140/5.

So, the periodic martensitic structure may be characterized by the HKafiél,: for
the R9 structureH;/H, = 2; for the R7 structured,/H, = 5/2 or 5/3 (atéug < 0 and
81ug > 0 respectively); and for the five-layer structuile/ H, = 4 or 4/3 (atd;ug < 0 and
S1up > 0 respectively).

4. Analysis of existing experimental data

The results of phenomenological analysis may be compared with the experimental data
obtained for N\iMnGa ferromagnet in [1, 5, 8].

The experimenta|{M (H)) dependence saturatesft> H, ~ (812 x 10° Oe [8, 7].
In accordance with (15) and (17)-(19), we will tak = H; = 2|A; — Ay|/My. The
experimental valuel (Ty) = [(M(Ty))|/p ~ 85 G cnt g~ [1] corresponds to the
magnetizationMy(Ty) ~ 690 G which results in the following range of values for the
magnetic anisotropy constants of martensite:

|A1 — Ay ~ (2.8-42) x 1P erg cm3. (22)

(0 ~ 8.1 g cnT 3 is the mass density of BiVinGa alloy.)

As far as we are aware, the values of the anisotropy constants of nickel-based
ferromagnets are of the order of °1@rg cnv3 or less (see, e.g., [23]). Therefore, the
magnetic anisotropy of the martensitic phase ofNNiGa seemingly exceeds that of the
austenitic phaseA( » > K).

The longitudinal (with respect to the applied field) magnetostrictionf a macro-
scopically isotropic specimen is expressed by the well-known formula

A= %M[S(m -mn) —1] (23)

wherei; = 281/C’.
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At H > Hy, the vectorn is parallel tom, and the transverse magnetostriction may
be estimated as

AL~ A2 =|A1 — A5l /(2C'ug) ~ (2-3) x 10°° (24)

(C" ~ 6 x 10" erg cnt3, up ~ 0.12 [24], 81 = |A1 — A3|/(2ug) ~ 107 erg cnt3).

The experimental valug, ~ 2.5 x 10°° [8] measured at the temperatufe ~ Ty,
belongs to the estimated interval (24). This is the main confirmation that the proposed
theoretical model is reasonable.

The experimental dependencEd’) were observed for the polycrystalline specimen at
the field valuesH = 1, 4, 8, and 16 kOe [1] and for the single crystalFat= 0.82 and
15 kOe [5]. It is easy to compute thgT) dependences from (15), (17), and (19). The
dependenceé/y(T) involved in (19) may be approximated by standard function

Mo(T) = Mo(0)y(T) y(T') = tanh[Tcy(T)/T]. (25)

Figures 2(a) and 2(b) show the results of computations/i{® = 92 G cn? g1,
Tc = 376 K and two values of the martensitic phase transition temperdfyres 202 K (for
the stoichiometric NIMnGa composition [1]) and’, = 285 K (for the nonstoichiometric
composition of the alloy [5]). Solid lines correspond to the five-layer martensitic structure,
while dashed ones were computed for the 7R structure. Both structures were observed
experimentally in NiMnGa alloy [21]. The experimental points obtained in [1] and [5] are
presented in figures 2(a) and 2(b) for comparison.

5. Conclusions

(i) The drastic changes in the magnetic properties of ferromagnets occurring in the
vicinity of the martensitic phase transition may be satisfactorily described within the
framework of simple phenomenological theory. As the theory shows, these changes are
mainly caused by the inhomogeneous strains arising below the phase transition temperature.

(ii) For the Ni-based and Fe-based alloys, the strain-induced magnetic anisotropy of
martensite significantly exceeds the anisotropy of cubic austenite. As a consequence, over
a wide range of applied magnetic fields the inhomogeneous strains govern the process
of magnetization of martensite. This, in turn, enables a theoretical estimation of the
magnetoelastic constant to be made from the field dependence of the magnetization.

(iii) The estimated magnetostriction of MinGa alloy is close to the value measured
in [8]. The theoretical temperature dependences of the magnetization are in agreement
with the experimental data [1] obtained for ;NinGa alloy atH = 4, 8, and 16 kOe
(see figure 2(a)). The disagreement of the theoretical curve with the magnetization values
measured aff = 1 kOe forT < T, is seemingly caused by the polycrystalline structure
of the specimen examined in [1]. The experimem&(T) dependence observed in [5]
for the single crystal aH = 0.82 kOe is comparatively close to the theoretical one (see
figure 2(b)). In this case some disagreement between theory and experiment occurs for both
intervalsT < Ty, andT > Tj. This shortcoming of the theoretica(T) dependence is not
surprising, because the field = 0.82 kOe is smaller than the saturation fields of austenite
(Hyn ~ 1.5 kOe [7]) and martensiteH; = 8-12 kOe [7, 8]), while the computations
were carried out for the valug(0) = 90 G cn? g~! corresponding to zero temperature
and H = 15 kOe. Nevertheless, a theoretical jump of the magnetizatiofi at T),,

H = 0.82 kOe is equal to the experimental one.

The coincidence of the estimated value of the magnetostriction of thdriGa alloy
with the value measured in [8] confirms that the proposed phenomenological model is
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Figure 2. Temperature dependences of the magnetizations dfiiNea alloys withT), = 202 K

(a) andTy; = 285 K (b). The theoretical curves correspond to the five-layer periodic structure
(solid lines) and 7R structure (dashed lines). The curves are compute fer 11.5 kOe,

H; = 1, 4, 8, and 16 kOe (a) and fa; = 115 kOe, H = 0.82 and 15 kOe (b). The
experimental data obtained in [1] are represented for comparison by crdgses 1 kOe),
triangles # = 4 and 8 kOe), and solid circlegi(= 16 kOe). The values measured in [3] are
represented by the open squarés=£ 0.82 kOe) and circlesH = 15 kOe).

reasonable, but it should be stressed that the accurate computatibfi(@f)) dependences
cannot be carried out in the framework of the pure phenomenological theory, because both
the Mp- and thex -values change abruptly within the temperature range of the martensitic
transformation [1, 8, 7]. This effect must be attributed to the change of the quantum electron
structure of the crystal during the phase transition.
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